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HIGHLIGHTS

e We provide a theoretical basis for upper limits of power density in large wind farms.

e Pressure gradients within the Ekman layer supply energy to large wind power plants.

o Interacting pressure-gradient, Coriolis and drag forces control the power density.

e The power density of regional-scale wind farms is resource- and geographic-dependent.
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The geophysical limit to maximum land-area power density of large wind farms is related to the rate of
replenishment of kinetic energy removed from the atmosphere by wind turbines. Although observations and
numerical simulations have indicated an upper bound to the power density in the order of 1 W/m?, no theoretical
foundation has yet been provided. Here, we study the role of atmospheric pressure gradients and the latitude-
dependent Coriolis parameter in the power density of large-scale wind farms by means of both numerical at-
mospheric simulations and analytic expressions. We illustrate that energy transport to regional-scale wind farms
is primarily governed by horizontal pressure gradients and their interaction with the Coriolis force and turbine-
induced surface drag within the latitude-dependent Ekman layer. Higher pressure gradients and lower Coriolis
parameters promote higher energy availability and, consequently, higher potential power density, suggesting

that the power density of regional-scale wind farms is largely resource- and location-dependent.

1. Introduction

Wind energy has been one of the fastest growing renewable energy
technologies [1], driven in part by demand for low or net-zero emission
energy systems to address climate change [2,3], increasing government
support [4,5] and public receptiveness [6,7]. The worldwide share of
electricity generated from wind in 2018 amounted to just 4.6% [1], but
its growth has been exponential over the past decades, and some current
projections see wind energy’s share reaching one-quarter to one-third
globally by 2050 [8]. In such scenarios, wind farms are expected to in-
crease both in number and spatial scale.

Understanding the physics regulating the performance of large-scale
wind farms is one of the current challenges in wind energy science
[9,10]. A parameter used to characterize the performance of wind farms
is power density, defined as the ratio between the average power
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generation and the wind farm’s land area. Studies of large-scale wind
farms have suggested that maximum power density is limited by the
downward transport of kinetic energy from the upper troposphere
[11-13]. Numerical and observation-based studies have estimated
maximum wind farm power densities to be about 1 W/m? for on-shore
[14-16] and between 3 and 6 W/m? for some off-shore locations
[17,18]. The qualitative dependence of wind farm power density on
several atmospheric characteristics and phenomena is well understood:
first and most cleary, higher winds promote higher energy generations;
atmospheric turbulence increases energy transport [19-22]; heat fluxes
may increase or suppress turbulence, depending on their direction
[23-26]. Geometric properties such as terrain topography and surface
roughness [17,27-29], turbine characteristics and spatial arrangement
[30-33] also play a role in the wind farm energy generation. However,
theoretical frameworks that give a clear relation of these quantities with
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wind farm performance are lacking, especially for spatial scales for
which the latitude-dependent Coriolis force, pressure-gradient force,
and other larger-scale atmospheric physics are important. Miller et al.
[14] developed a method to estimate the wind farm maximum energy
extraction from the vertical downward flux of kinetic energy from the
atmosphere considering pre-turbine climatology in central Kansas, USA.
Luzzatto-Fegiz et al. [34] developed a simplified expression for the
power density of large-scale wind farms (considered as an idealized
infinite array) as a function of the overlying wind speed, atmospheric
turbulence and stability. Both these studies provided useful insight into
the energy transport in wind farms, but neglected the importance of the
pressure-gradient and Coriolis forces and their role in transporting en-
ergy to large-scale wind farms. Further, there has been little theoretical
understanding of the sources of energy and momentum that replenish
the energy and momentum extracted by wind turbines.

Here, we study the role of horizontal pressure gradients and the
Coriolis parameter in the power density of large-scale wind farms by
means of both numerical atmospheric simulations and analytic expres-
sions. The latter combine governing equations from atmospheric fluid
dynamics (particularly, the Ekman layer equations) and wind farm fluid
dynamics to give a closed-form relation that ultimately can be used to
estimate the power density of large-scale wind farms. Our analysis
shows that the replenishment of energy and momentum extracted by
large-scale wind farms is governed by horizontal pressure-gradient and
Coriolis forces. The energy is supplied by the pressure-gradient force
within the Ekman layer and transported downward to the turbines; it
does not originate from the overlying free troposphere (above the
planetary boundary layer) as previously suggested. We show that re-
gions with higher horizontal pressure gradients have higher energy
availability and, consequently, higher energy generation per unit sur-
face area. We also show that, for the same horizontal pressure gradient,
the power density is higher in lower latitudes, suggesting that the
replenishment rate of kinetic energy depends also on the degree to
which the pressure-gradient force is opposed by the Coriolis force. Given
the lack of theoretical understanding of large-scale wind farm perfor-
mance, this study provides both theoretical understanding and a nu-
merical approximation of the upper limits to energy extraction for large
wind farms that is relevant to the planning and economic evaluation of
such systems.
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2. The role of pressure gradients and the Coriolis parameter

To study the role of pressure gradients and the latitude-dependent
Coriolis parameter in the power density of large-scale wind farms, we
consider a representative, idealized scenario in which a wind farm ex-
tends infinitely (Fig. 1). This configuration has been used to study such
large systems [11,34] because it enables to focus only on the vertical
transport of momentum and kinetic energy, underlying a statistical
horizontal homogeneity and negligible horizontal fluxes. It is implicit
that such representation would not be valid for small-scale systems
where horizontal fluxes of momentum and kinetic energy become
comparable to the vertical ones.

If we imagine an infinite wind farm on the surface of a plane with
winds aloft, in a non-rotating environment and driven only by a
pressure-gradient force, —1/pVp, the wind would flow down the pres-
sure gradient. Winds close to the surface would be slowed by the drag of
the wind turbines and follow a log-like profile with altitude. Energy
would get to the wind turbines supplied by the pressure-gradient force
and through downward transport of energy through the vertical column
[35]. Now imagine that we add to this picture a Coriolis force that
originates from the Earth’s rotation, fG, where f is the Coriolis param-
eter and G the geostrophic wind. The winds aloft, far enough from the
wind turbine array, would not feel the surface drag and then create a
geostrophic balance: the pressure gradient would be orthogonal to the
direction of wind flow and in balance with the apparent Coriolis force. In
this setting, forces would be perpendicular to the air motion and no
energy would be exchanged. When winds close to the surface are slowed
because of the drag, the apparent Coriolis force would be reduced and no
longer balance the pressure-gradient force [36]. The wind flow would no
longer be orthogonal to the pressure-gradient force, and this force would
then be able to impart energy to the system. Thus, when the apparent
Coriolis force acts on the system, there is a local energy source given by
the large-scale available potential energy provided by the pressure field.
We postulate that the local deviation of air flow from the main
geostrophic direction controls the energy that reaches the wind turbines
and, accordingly, that the power density is largely controlled by hori-
zontal pressure gradients, which drive geostrophic winds, and latitude.

We characterize the power density of an idealized large wind farm
(Fig. 1) under the following assumptions: in the upper part of the

Ekman layer

/ffij Wind farm

Fig. 1. An illustration of the fundamental phenomena and parameters that govern the energy extraction of large-scale wind farms. The geostrophic wind, G, is the
result of the balance between the pressure-gradient force, —1/pVp, and the Coriolis force, fG, where f is the Coriolis parameter. Wind turbines of diameter D are
arranged on a regular grid with horizontal spacings of dimensions s.D and s,D. The power density of the wind farm is expressed in W/m?.
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troposphere, a geostrophic flow results from the balance of the pressure-
gradient force and the Coriolis force; between the overlying geostrophic
flow and the underlying wind farm, an Ekman layer results from the
balance of the pressure-gradient force, Coriolis force and turbulent-flux
divergence [36]. In statistically steady and homogeneous flows, mo-
mentum and kinetic energy are transported downward through the
Ekman layer, and the energy extracted by the turbines is continuously
replenished [11,37]. If wind turbine geometry, performance (provided
by the manufacturer), and arrangement are known, and neutral atmo-
spheric conditions (i.e., no thermal convection or stratification) and dry
air are assumed, the two parameters that drive this system and the en-
ergy exchange are the pressure-gradient force and the latitude-
dependent Coriolis parameter.

We study this system using two different approaches. The first one
employs atmospheric simulations conducted with the Weather Research
and Forecasting (WRF) simulation tool [38], where the wind turbines
are parametrized as sinks of momentum and sources of turbulence ki-
netic energy [39-41]. Here, we consider a wind farm with a set of Vestas
V164-9.0 MW (see Supplementary Note 1), one of the largest wind
turbines currently available, arranged on a uniform grid with spacing of
1000 m. We populate this uniform grid with turbines to obtain and study
two different installed capacity densities: 9 W/m?2, where all the grid
cells contain a turbine resulting in an aligned layout with a turbine
density of 1 km ™2, and 4.5 W/m?, where the grid cells are populated

WRF simulations
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alternatively resulting in a staggered layout with a turbine density of 0.5
km 2. We parametrize this wind farm on the bottom layers of a doubly
periodic, limited computational domain that we use to emulate an
infinite wind farm. On this domain, we specify a set of vertically uniform
geostrophic wind values and constant Coriolis parameters (f-plane
approximation) to understand how varying these two parameters would
affect the performance of large-scale wind farms. These settings in the
boundary conditions implicitly assume a driving constant pressure-
gradient field for each of the considered combinations (see Methods in
Sec. 3).

The second approach employs analytic expressions (Egs. 1-9 in
Methods) that couple equations from atmospheric fluid dynamics to
equations from wind farm fluid dynamics. The equations from atmo-
spheric fluid dynamics concern steady-state, horizontal, large-scale
flows under neutral conditions above an infinite homogeneous surface
[42-44]. They specifically describe turbulent Ekman layers and provide
an approximate expression to relate the large-scale flow (geostrophic
flow and Ekman layer) with the small-scale flow (surface layer, where
turbines are located). The equations from wind farm fluid dynamics
concern instead steady-state, horizontal flows under neutral conditions
within and over an infinite wind farm [11,45]. In this case, their deri-
vation neglects any effect of the Coriolis force and focuses on smaller
spatial scales. This analysis provides an equivalent surface roughness for
the effect of a large wind farm on the overlying atmospheric boundary

Analytic framework
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Fig. 2. Power density and hub height wind speed for a large wind farm with an installed capacity density of 9 W/m? as a function of the Coriolis parameter, f,
(latitude-dependent) and pressure gradient or geostrophic wind. Left panels (a, c, e) show results from the atmospheric simulations conducted with the Weather
Research and Forecasting (WRF) simulation tool, whereas right panels (b, d, f) show results from the analytic expressions. Panels a and b show power density values
as a function of pressure gradient, panels ¢ and d show the power density values as a function of geostrophic wind speed, and panels e and f show hub height wind
speed as a function of geostrophic wind speed. The results are provided for the set of Coriolis parameters 0.05, 0.55, 1.05, 1.35, and 1.45 - 10 rad/s !, which
corresponds to the set of latitudes 2.0, 22.2, 46.1, 67.8, and 83.8° N. The hypothetical wind farm considered has an installed capacity density of 9 W/m?. The analytic
treatment uses standard literature values for coefficients and includes no tunable parameters.
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layer. Here, we combine the equations from these two separate fields,
and develop a closed-form system that relates the power density
generated by an infinite wind farm to the geostrophic flow characterized
by the pressure gradient and a Coriolis parameter (Egs. 1-9 in Methods).
The same set of these two parameters and the same wind farm used in
the numerical analysis are employed in this analytic framework to have
a comparable investigation of the wind farm performance.

3. Methods
3.1. Atmospheric simulations

The idealized simulations are conducted with the Weather Research
and Forecasting (WRF) simulation tool [38], version 4.2.1 [46,47]. We
use the native parametrization for the wind turbines, which represents
them as sinks of momentum (the turbine drag proportional to the thrust
coefficient data) and sources of turbulence kinetic energy (the fraction
of kinetic energy not transferred into electricity) [39,40,41]. We use the
default value for the correction factor (=0.25) to the turbulent kinetic
energy produced by the turbines. The WRF model domain has a hori-
zontal size of 50 x 50 km? with a uniform grid resolution of 1 km. The
vertical dimension is 10 km with a variable, stretching resolution, finer
at the bottom (23 levels in the first 1 km) and coarser at the top (37
levels in the remaining 9 km). Here, we consider a wind farm with a set
of Vestas V164-9.0 MW (see Supplementary Note 1), one of the largest
wind turbines currently available, with a hub height of 130 m, arranged
on a uniform grid with spacing of 1000 m. We populate this uniform grid
to obtain and study two different installed capacity densities: 9 W/m?,
where all the grid cells contain a turbine resulting in an aligned layout
with a turbine density of 1 km~2, and 4.5 W/m?, where the grid cells are
populated alternatively resulting in a staggered layout with a turbine
density of 0.5 km™2. We parametrize this wind farm on the 8 layers
intersecting the rotor area in a doubly periodic domain that we use to
emulate an infinite wind farm. On this domain, we specify a set of
vertically uniform geostrophic wind values and constant Coriolis pa-
rameters (f-plane approximation). The set of Coriolis parameters is 0.05,
0.55,1.05,1.35,and 1.45 - 10 rad/s’l, which corresponds to the set of
latitudes 2.0, 22.2, 46.1, 67.8, and 83.8° N. These settings in the
boundary conditions implicitly assume a driving constant pressure-
gradient field for each of the considered combinations (see Eq. (1)).
The bottom boundary is defined as a sea surface with a roughness length
of 10* m. We use a dry atmosphere with no surface heat, no radiation,
and no moisture fluxes. The planetary boundary layer physics is
parameterized using the Mellor-Yamada-Nakanishi-Niino (MYNN)
Level-2.5 model [48,49]. Each simulation is run with a time step of 10 s
and for a total of 7 days in order to reach stationary conditions. Resulting
variables are then averaged horizontally and over the last 12 h. The
power produced by each turbine is calculated with the power curve
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provided by the manufacturer (see Supplementary Fig. 1) according to
the wind speed at the turbine-containing levels where the turbine is
located.

3.2. Analytic framework

The analytic framework includes equations from the atmospheric
fluid dynamics and wind farm fluid dynamics. The equations from at-
mospheric fluid dynamics concern steady-state, horizontal, large-scale
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flows under neutral conditions above an infinite homogeneous surface
with roughness z, [42-44]. First, we recall the governing equations of
the geostrophic flow, i.e., the momentum equations [35]:
1 dp 1 dp
-V, = ———fU, = —— —, 1
Moo= = 0elle= =25 &)
where U, and V, are the geostrophic wind components (G is the
modulus), p the pressure, p the density, and f the Coriolis parameter. The
Coriolis parameter is given by 2Qsing, where Q is the rotation rate of the
Earth (7.2921-107° rad/s), and ¢ the latitude. In the Ekman layer,
mechanical turbulence becomes important, and the resulting mo-
mentum equations then become [36]:
Lop ouw
p Ouw) o)

Ju= *;’a* 0z

where u and v are the mean wind components, and u'w” and vw' are
the turbulent fluxes (also called Reynolds stresses). Substituting the
pressure-gradient terms of Eq. (2) with the Coriolis force terms from Eq.
(1), the equations of motion can be written as [36]:
W)
f(v—Vg): PR ,f(u—Ug):— P 3)

From these governing equations, Blackadar and Tennekes [42]
derived, for the case of large Rossby numbers, Ro = G/(fzo), two kinds of
self-similar solutions, one valid only in the Ekman layer well outside the
surface layer and another valid inside the surface layer [44]. By
matching those solutions in a region of overlap, they derived the
following expressions:

U, 1. (u v,
—g:—ln(/”—> —4, 8= _12, 4)
u= K 20 U=

2 2 2
SRR R R
U U U K 20

where u- is the surface friction velocity and x the Von Karméan con-
stant (= 0.4). The resistant constants (4 and 12) on the right-hand side of
Eq. (4) are derived in Refs. [42,44]. These equations relate the large-
scale flow (geostrophic flow and Ekman layer) to the small-scale flow
(surface layer, where turbines are located).

The equations from wind farm fluid dynamics concern instead
steady-state, horizontal flows under neutral conditions within and over
an infinite wind farm [11,45]. In this case, the derivation neglects any
effect of the Coriolis force and focuses on smaller spatial scales. This
analysis provides an equivalent surface roughness, zg s, for the effect of
a large wind farm on the overlying atmospheric boundary layer [11]:

) (6)

where D and zy are the turbine diameter and hub height, respec-
tively, zo the actual surface roughness of the underlying terrain, and

yw _ \/0.5Cf’,UHD’ (7)

Kl yf 21

nC
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where Uy is the hub-height wind speed, u-,, the equivalent surface



E.G.A. Antonini and K. Caldeira

friction velocity generated by the wind farm, Cr is the thrust coefficient
provided by the manufacturer (see Supplementary Fig. 1), and s, and s,
are the horizontal nondimensional spacings. For the case of aligned
layout and installed capacity density of 9 W/m?, s, = s, = 1000/D =
6.1, whereas for the case of staggered layout and installed capacity
density of 4.5 W/m?, s, = s, = 1/2.1000/D = 8.6.

The hub-height wind speed is calculated according to [11]:

D b;. /1 +1/;
( ! )
20,uf 2z

Here, we combine Eq. (5) with Egs. 6-9 to provide a closed-form
system that relates the influence of geostrophic wind and Coriolis
parameter (latitude-dependent) with the wind farm power density. 2,
and u- in Eq. (5) are replaced with 2, and u- s to account for the effect
of the wind farm on the Ekman layer. The system represented by Egs.
5-9, with unknowns u- s, Zouf, v, ¢ and Uy, can be solved iteratively
and provides a value for Uy, with which we calculate the power pro-
duced according to the power curve given by the manufacturer (see
Supplementary Fig. 1).

Wt 1n
K

Uy =

9

4. Results

Figs. 2 and 3 show the power density and hub height wind speed
values resulting from the WRF simulations and the analytic expressions
for a set of pressure gradients and Coriolis parameters. Because pressure
gradients and Coriolis parameters define geostrophic winds, these re-
sults can also be plotted in terms of the geostrophic winds. The nu-
merical model and analytic expressions provide results with a high level
of agreement, demonstrating that the mechanisms at play in the analytic
solution largely govern the behavior of the fluid dynamical model (see
Supplementary Note 5 for further comparison). Both the numerical fluid

WRF simulations

Analytic framework
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dynamical and the analytic expressions clearly show, in panels a, b, ¢
and d of Figs. 2 and 3, the effect of the pressure gradient and the Coriolis
parameter on wind farm power density. In addition to well capturing the
energetics, the analytic framework also provides consistent predictions
of hub height wind speed and its dependence on geostrophic wind and
Coriolis parameter, as plotted in panels e and f of Figs. 2 and 3.

Pressure gradients have a substantial direct effect on power density:
higher pressure gradients promote higher energy availability and,
consequently, higher power density. The power densities for mid and
high latitudes (46.1, 67.8, and 83.8° N) reach their maximum value of
4.5 and 9 W/m? for combinations of pressure gradient and Coriolis
forces yielding a geostrophic wind of 20 and 24 m/s, respectively, which
means that the turbines are operating at their maximum power of 9 MW,
given that the turbine densities are 0.5 and 1 km™2 For higher
geostrophic winds, the power density evidently remains constant at that
maximum value, up to the geostrophic wind for which the hub height
wind speed reaches the wind turbine cut-off wind speed. In the wind
farm with lower installed capacity density, for the same geostrophic
wind, more power is extracted per turbine but less power per unit land.
In fact, as the installed capacity density decreases, turbines are sparser
and less affected by wakes of upstream turbines resulting in higher en-
ergy extraction, however over a larger area. The 4.5 and 9 W/m?
maximum values of power density would be reached at lower latitudes
with lower pressure gradients, because the pressure gradient forces are
opposed by Coriolis forces to a lesser degree. At a constant pressure
gradient, potential power density decreases with increasing latitude.
Because the rate of change in the Coriolis parameter with latitude is
proportional to the cosine of latitude, the potential power density varies
sensitively with latitude at low latitudes, and less sensitively at high
latitudes.

Note that the analytic expressions are derived under the assumptions
of large Rossby number and geostrophic flow conditions; these

Fig. 3. Power density and hub height
wind speed for a large wind farm with
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assumptions break down for the low Coriolis parameter values present
near the equator and for low values of geostrophic wind (see Methods in
Sec. 3). This may explain the discrepancies between the analytic and
numerical results that we observe for a latitude of 2° N and, to a smaller
degree, for geostrophic wind speeds of 8 and 12 m/s. On the other hand,
the numerical simulations rely on the solution of the full continuity,
momentum and energy equations and do not need assumption such as
large Rossby number or geostrophic flow conditions. Their predictions
are therefore expected to hold valid also for near-equatorial regions and
low values of geostrophic wind.

5. Geographic distribution of potential power density

We now aim to estimate the potential power density of a represen-
tative large wind farm (for this case, with an installed capacity density of
9 W/m? and the same characteristics used in the numeric and analytic
frameworks) that would be generated on a given location on the Earth’s
surface. That is, with the analytic framework previously illustrated, we
aim to estimate the geographic distribution of potential power density
over the Earth and compare it with available previous estimates. To
conduct this analysis, we use the spatial distribution of the Coriolis
parameter and geostrophic wind. The Coriolis parameter is straightfor-
ward to calculate given the latitude, whereas reanalysis data are used to
calculate geographic distribution of the geostrophic wind speed. Here,
we use the ERA5 reanalysis data [50], and we obtained the hourly
averaged wind speed during 2019 at 2 km altitude above ground level.
This altitude can be considered representative of mean geostrophic flow
conditions, given that the height of the planetary boundary layers ranges
between 100 and 2000 m [51,52]. We then average the power density
obtained with the hourly averaged wind speed to calculate the annual
potential power density (see also Supplementary Note 4). Two surface
roughness values, 10! and 10* m, are selected for land and sea,

03 06 09 1.2
Coriolis parameter [10% 5]

15
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respectively, for the estimation of the worldwide potential power den-
sity. However, the equivalent surface roughness, zo s, used in our ana-
lytic expressions is only slightly sensitive to the actual surface roughness
and mainly affected by turbine dimensions and operating conditions. In
fact, the turbines represent the dominant surface roughness elements.
Further, our study aims to identify primary underlying mechanisms, and
is not intended to serve as a detailed resource estimation. For example,
we used reanalysis data for a single year (2019), which could reasonably
be expected to vary by + 6% of the long-term multi-year average [53].
Moreover, greater time resolutions (e.g., 10-minute average) would
provide a more accurate estimate of the average power density because
power scales with wind speed cubed.

Fig. 4 illustrates the geographic distribution of the Coriolis param-
eter, the mean geostrophic wind speed, and the resulting power density
of a large wind farm estimated with the analytic framework. We observe
that for vast areas of the Earth’s surface the potential power density is
below 1 W/m?, whereas only a few regions (e.g., North Atlantic Ocean,
North Pacific Ocean, and southern mid latitudes over the Indian and
Pacific Oceans) have favorable geostrophic flow conditions that can
sustain, on average, a much higher kinetic energy replenishment rate
and power density. We observe also that regions with similar
geostrophic wind speeds (e.g., Pacific Ocean near the equator and at mid
latitudes, or North Atlantic Ocean and Caribbean Sea) do not necessarily
have similar power densities if one of the regions is at lower latitudes.

Given the potential power density estimates for our representative
large wind farm, we compare them with the estimates of previous
studies, both at the regional and global scale. At the global scale, our
estimations give a mean power density of 1.28 W/m?, consistent with
studies that looked at the global mean of power density and its limits
[13,54-56], estimating it to be about 1 W/m? Even though our nu-
merical value for the global mean is consistent and could be valid as a
first-order estimate, we underline the fact that our problem formulation

[ e |
0 5 10 15 20 25
Mean wind speed at 2 km altitude [m/s]

3 4 5 6

Power density [W/m?]

Fig. 4. Geographic distribution of the Coriolis parameter (a), geostrophic wind speed (b), and resulting power density for a large wind farm (c). The Coriolis
parameter depends on the latitude and is straightforward to calculate. The geostrophic wind is estimated for 2019 from ERA5 reanalysis data at 2 km altitude above
ground level. Given the spatial distribution of Coriolis parameter and geostrophic wind speed, the power density can be estimated with the analytic expressions.
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does not consider a global energy balance and such scalability may be
improper. We find, however, consistent regional estimates for which our
framework is more applicable. For example, Miller et al. [16] conducted
an extensive analysis of the power density for all the operational wind
power plants in the United States. They found a mean power density of
0.9 W/m?, whereas a value of 0.5 W/m? for the largest wind farms.
Considering that most of wind power plants analyzed are located in the
central and midwestern United States, our estimates give a range of 1 to
1.5 W/m? for the same regions. Possner et al. [18] studied with a global
climate model how much power a large wind farm would generate over
the North Atlantic Ocean. They found mean power density values of 6
W/m?, and they argue that the surface heat flux played a crucial role in
sustaining high rates of downward kinetic energy transport. Here, we
find, over the same region, a power density in the range from 2 to 4 W/
m?, which is lower than their estimate but overall consistent given the
higher geostrophic winds and that our formulation does not account for
surface heat fluxes.

6. Discussion and conclusions

In this study, we have characterized the effect of pressure-gradient
and Coriolis forces on the performance of large-scale wind farms by
means of both atmospheric simulations and analytic expressions. We
have shown that higher pressure gradients promote higher power den-
sity and that, for the same pressure gradient, maximum power density at
lower latitudes is higher than at higher latitudes. Previous studies that
aimed to characterize power density in large wind farms did not
consider pressure gradient or Coriolis forces [34], or used pre-turbine
climatology to estimate power generation without accounting for the
feedback effect of the wind farm on the atmosphere dynamics [14]. In
contrast, our analytic framework captures the full wind farm-
atmosphere interaction and provides a mechanistic understanding of
the energy extraction of large wind farms confirmed by the results of our
framework comparable with the atmospheric simulations.

Our problem formulation has been defined for an idealized scenario
with an infinite wind farm over a flat terrain assuming neutral atmo-
spheric conditions and dry air. We emphasize that other phenomena,
such as evaporation, precipitation, heat fluxes, stratification, or inver-
sion layers, play a crucial role in the momentum and energy transport
within and above the planetary boundary layer [23,24,57,58]. For
example, cumulus-driven vertical advection of horizontal momentum is
particularly important in the tropics [59,60]. Terrain topography is also
known to alter the wind flow characteristics at the local scale [25,27].
When horizontal temperature gradients are present, baroclinicity is ex-
pected to change geostrophic winds with height [61]. Nonetheless, we
deem our assumptions justified for a first-order characterization of the
energy exchange mechanisms in large wind power plants.

Further, the energy extraction rate and its transport mechanisms
predicted in our analysis are not expected to be affected by the type of
wind turbines. A recent body of research has investigated whether
vertical axis wind turbines have any advantage over horizontal axis
ones. Whereas it is well established that stand-alone vertical axis wind
turbines have lower efficiencies [62], small clusters of these same tur-
bines have been shown to have higher power densities than large wind
power plants of horizontal axis wind turbines [63]. We attribute these
last findings to the different scales used for comparing the two tech-
nologies (wind farm of tens of meters as opposed to kilometers), and the
fact that small scale facilities do not reach fully-developed regime as did
the ones investigated in the present study. Nevertheless, in our formu-
lation there is no assumption regarding the geometry of the wind tur-
bines. In fact, the parametrization of wind turbines occurs through
momentum sinks in the atmospheric simulations and equivalent surface
roughness in the analytic framework, which would apply equally to both
technologies.

Our findings show that there is not a universal limit to power density
for large wind farms, as suggested in previous studies [14,64]. In fact,

Applied Energy 281 (2021) 116048

we find that the power density is strongly dependent, to a first-order
approximation, on the local pressure gradient and Coriolis parameter.
We have shown, in both numerical and analytic frameworks, that a
representative large wind farm can have a power density much higher
than 1 W/m? if local atmospheric conditions provide a larger pressure-
gradient force available to accelerate air in the boundary layer. The
representative wind farm that we have considered has an installed ca-
pacity density of 9 W/m? (relatively high for modern, large in-
stallations), and we have shown that in some locations (e.g., southern
mid latitudes over the Indian and Pacific Oceans) the power density
could reach values of about 6 W/m? (an outcome that is excluded ac-
cording to previous studies [14,16,64]). We stress again the fact that our
problem formulation is thought out for regional scales and does not
account for a global energy balance. Estimations of power densities at a
global scale may therefore incur wind power saturation and global
geophysical limits [13,56].

The need of a deeper understanding and theoretical formulations has
been emphasized as one of the challenges of wind energy science for
large wind power plants [9,10]. Our analytic framework, represented by
Egs. 1-9, relates power density of large wind farms to local pressure
gradient forces and Coriolis parameters, providing a better under-
standing of how these systems function and how much energy they can
generate on average. These equations describe the interactions that
occur through the Ekman layer between the small-scale surface layer,
where the wind turbines operate, and the large-scale pressure fields.
They show that the energy and momentum removed from the boundary
layer by wind turbines is replenished from energy and momentum
derived primarily from pressure-gradient forces within the Ekman layer,
and not from the overlying free troposphere (see Supplementary Notes 2
and 3). Our analysis and findings can be used by wind farm developers to
help understand the basic principles underlying the assessment of eco-
nomic feasibility of large wind farms. Also, our results will help inform
policy makers and energy system planners who seek to understand the
potential contributions of wind power to future energy systems.

7. Data availability

Research data required to reproduce the work reported in the
manuscript is available in the GitHub repository at https://github.
com/eantonini/Power_density_of large wind_farms.
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